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Unified Aerodynamic-Acoustic Theory for a Thin
Rectangular Wing Encountering a Gust

Rudolph Martinez* and Sheila E. Widnallt

Massachusetts Institute of Technology, Cambridge, Mass.

A linear aerodynamic-acoustic theory is developed for the prediction of the surface pressure distribution and
three-dimensional acoustic far-field for a flat plate rectangular wing encountering a stationary short-wavelength
oblique gust. It is suggested that for an infinite-span wing, leading- and trailing-edge responses to a short-
wavelength gust are essentially independent. This idea is used to solve for the two-dimensional pressure field due
to the passage of an infinite-span wing through an oblique gust. By allowing the field point to come down to the
wing’s surface, one finds an expression for the surface pressure distribution which agrees with that given in the
two-dimensional aerodynamic theories of Amiet and Adamczyk. Spanwise Fourier superposition of two-
dimensional solutions to the infinite-span wing problem is used to approximate the three-dimensional acoustic
field due to the interaction of a stationary oblique gust with a flat-plate rectangular wing traveling at a subsonic

speed,
Nomenclature

b = wing semichord

€y =speed of sound

D/Dt =substantial derivative

E,E* =complex combination of Fresnel integrals; E*
denotes complex conjugate of £

F =integrand factor, Eq. (39)

Im = “‘imaginary part’’ of a complex number

K =powoUe~ ™ NaN1-MNTk,/(1-M?] +p,
a constant in Egs. (21) and (22)

k, =reduced frequency or nondimensional chordwise
wavenumber

ky,k; =spanwise wavenumbers

! =wing semispan

M =Mach number

P,p,p, =perturbation pressures

P = Fourier transform of p,, Eq. (18b)

Re = “‘real part”’ of a complex number

t =time

U =subsonic freestream velocity or velocity of the
wing

w, W, = gust downwash on wing and its magnitude

x,»,2,Z =chordwise, spanwise, and normal to wing spatial
coordinates

&,0,0, =perturbation velocity potentials

AA* =interaction angles

_{(k§+kj)sin?A[ M? 1}}/:
# (1-M%)2 Lsin?A

Py = freestream density

w =circular frequency

¥ =transformed velocity potential, Eq. (7b)
¥ =tan~! (Vx? +22/y)

0

0*

=tan ' (2/x)
=tan~/ (V1 —-M?z/x)
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Superscripts .

(1) = solution to leading-edge problem
(2) =solution to trailing-edge problem
Subscripts

a = acoustic reference frame

2-D =two-dimensional solution

3-D = three-dimensional solution

Introduction

HE prediction of the unsteady loading induced on a thin

planform of finite span interacting with a gust, and the
associated acoustic field, is of fundamental interest due to its
many applications. The versatility of the model lies in using
the sinusoidal gust in question as a wavenumber component
of a general, spatially frozen, upwash structure. Examples of
such problems of current interest to aerodynamicists and
acousticians include the calculation of forces on a wing (or a
compressor blade) encountering turbulence, and the
prediction of the acoustic field due to the helicopter blade-
vortex interaction phenomenon.

In this paper we develop a linear aerodynamic-acoustic
theory for the surface pressure distribution and three-
dimensional acoustic far-field for the passage of a thin flat-
plate rectangular wing through a stationary oblique gust of
short wavelength.

The short-wavelength character of the gust considered
introduces two important simplifications in the three-
dimensional problem. First, it was pointed out in Ref. 1 that
at high frequencies (small acoustic wavelength to chord ratio)
the unsteady pressure distribution on a finite-span wing due to
the interaction with the gust should differ little from that ona
similar infinite-span wing except at small regions at the tips.
Because of this, the two-dimensional problem for the pressure
field due to the interaction of an oblique gust with an infinite-
span wing is solved initially. Spanwise Fourier superposition
of two-dimensional solutions of the infinite-span wing
problem is then applied in such a way that the pressure
distribution on the infinite wing’s surface is given by the two-
dimensional theory inside finite spanwise points and vanishes
outside these spanwise points. The three-dimensional pressure
field thus obtained is an approximation to that due to the

* passage of a rectangular wing through an oblique gust. The

three-dimensional acoustic field, given in a coordinate system
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fixed in the still fluid, is found by determining the asymptotic
behavior of the pressure field as the field point goes to in-
finity.

The second simplification made possible by the high
frequency character of the gust has to do with the solution
technique applied to the two-dimensional problem for the
pressure field due to the interaction of a gust with an infinite-
span wing. At high frequencies, leading- and trailing-edge
responses to the gust loading become essentially independent
and their contribution to the total pressure field may be
determined separately.

Landahl? has shown that the surface pressure distribution
for an infinite-span wing passing through a gust of arbitrary
wavelength may be determined by means of an iterative
scheme applied in the aerodynamic reference frame (fixed on
the wing). In the first step, the chord is allowed to extend
infinitely in the downstream direction from the leading edge.
This eliminates the Kutta condition and the wake from the
problem. The solution to this ‘‘leading-edge problem,”
therefore, satisfies both the upstream boundary condition
& =0 and the flow tangency boundary condition: the vertical-
velocity field on the wing’s surface given by the solution
cancels the gust downwash. Obviously, the leading-edge
solution does not satisfy the condition of pressure continuity
at the trailing edge and in the wake. Then, a ‘“‘trailing-edge
problem’ must be posed in order to correct the leading-edge
result: the chord is allowed to extend infinitely in the up-
stream direction from the trailing edge. The vertical-velocity
field is now required to be zero on the wing’s surface so that
the superposition of leading- and trailing-edge solutions
satisfies the condition of flow tangency. Also, the pressure
given by the leading-edge solution is specified as a boundary
condition on the semi-infinite line representing the trailing
edge and the wake in the original problem. Adding the
leading- and trailing-edge solutions, we obtain a result that
satisfies the conditions of flow tangency on the wing’s surface
and pressure continuity at the trailing edge and in the wake.
This solution, however, does not satisfy the upstream
boundary condition ® =0. Further iterations may be carried
out to provide a more accurate solution.

Landahl® has shown that the series obtained by repeated
application of the iteration scheme converges uniformly. As
expected, due to the strong communication that exists bet-
ween leading and trailing edges at low frequencies, many
terms in the series are needed to give a good approximation to
the solution for such a case. Investigators have resorted to
other techniques to attack these problems.*® For high
frequencies, however, the leading and trailing edges behave
almost independently of each other and few terms in the series
are necessary to approximate the solution accurately. In the
high-frequency limit, the solution is given by the first term in
the series: the result from the leading-edge problem. It follows
then that at very high frequencies the leading edge becomes
the main source of acoustic radiation. In the past, the
iteration scheme just described has been an essential tool in
approaching high-frequency aerodynamic problems. The
fundamental differences between the low and high frequency
problems were explained in detail by Kaji.”

In 1972 Adamczyk® determined the acoustic far-field and
surface pressure distribution for a thin airfoil interacting with
a sound wave. The airfoil’s span extended between two in-
finite parallel plates and thus both the surface pressure
distribution and the acoustic field were essentially two-
dimensional. The solutions were given in terms of infinite
series of Mathieu functions evaluated at certain eigenvalues.
Numerical results were presented for some values of the
directivity in the aerodynamic reference frame showing
enhancement of the acoustic signal in the downstream
direction.

Adamczyk® has determined the response of an infinite-span
swept wing to an oblique gust convected by a subsonic
freestream. The expression for the pressure distribution on

THIN RECTANGULAR WING ENCOUNTERING GUST 637

the wing was given by the sum of the first two terms of the
series from the iteration scheme. No acoustic analysis was
performed.

Amiet10 gave numerical results for the power spectral
density of the three-dimensional acoustic far-field in the
aerodynamic reference frame due to the interaction of small-
scale turbulence with a rectangular flat-plate wing of finite
span. His procedure was to replace the surface of the wing
with a distribution of point dipoles of strength given by
Adamczyk’s? high-frequency airfoil-response function and to
integrate over their acoustic far-fields. Amiet!! estimated the
power spectral density of the acoustic far-field due to a fast
climbing rotor cutting through small-scale turbulence. The
high-frequency character of the turbulence allowed him to
consider spanwise blade elements as moving in a locally
rectilinear fashion. The results were given in a coordinate
system fixed to the rotor hub. Amiet!2 has also generalized
Adamczyk’s® original two-dimensional high-frequency
aerodynamic theory by considering a gust not convected by
the freestream. Plunging motion of the airfoil also was in-
vestigated in this work. No acoustic analysis was performed.

In the present theory, the first two terms in the series of the
iteration scheme are used to estimate the pressure field
everywhere due to the passage of an infinite-span wing
through a short-wavelength oblique gust. Both the leading-
and trailing-edge problems are solved in the aerodynamic
reference frame by the Wiener-Hopf technique. The total
solution obtained contains the aerodynamics of the wing
surface, i.e., the surface pressure distribution, and the
acoustics of the interaction in a rather compact analytic
expression. Letting the field point in the solution come down
to the wing’s surface, we recover the two-dimensional
aerodynamic results of Ref. 9 for the case of zero sweep.
Letting the field point in the solution go to infinity, we obtain
the two-dimensional acoustic field in' the aerodynamic
reference frame due to the interaction of a gust with an in-
finite-span wing. Spanwise Fourier superposition of two-
dimensional solutions is used to approximate the three-
dimensional pressure field for a rectangular wing passing
through a stationary oblique gust of short wavelength. This
last result is given in the acoustic reference frame, fixed in the
still fluid. The three-dimensional acoustic far-field is obtained
by allowing the observer’s coordinates to go to infinity. The
expressions are given in closed form and require no numerical
computation.

It should be pointed out that expressions equivalent to those
presented in this paper could be obtained by an alternate
approach: To use the airfoil surface pressure distribution
already available®!? as dipole strengths in a Green’s function
integral. By the present approach, however, the whole
pressure field is obtained at once so that it is a more compact
solution. Also, the results here in terms of contour integrals
make the far-field calculations especially easy and unam-
biguous. For example, the phases of certain quantities are
always obvious by the present complex variables method.

y o]

Fig. 1 The passage of an infinite-span wing through an oblique gust.
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Formulation
Following Amiet’s formulation, in the aerodynamic
reference frame we have a rigid flat-plate airfoil on the x-y
plane with its chord extending from x=0 to x=2. It interacts
at an angle A with a high-frequency sinusoidal gust convected
by the freestream (Fig. 1). The linearized equation for the
perturbation velocity potential & is

ve ¥e ¥e 1D% o
ax?  3dy? 922 3 D2 T
with boundary conditions (B.C.s)
®(x,,0,t) =0 for x<0 (2a)
ik ) .
5; (x,3,0,t) = —bw(x,y)e" for O0=x<2
and continuous for all x (2b)
D®
E (X,y,o,f) =0 for x=2 (2c)

where the spatial variables have been non-dimensionalized
with respect to the semichord b. D/D¢ denotes 9/3t+
(U/b)a/dx, the linearized substantial derivative. For a
sinusoidal gust of small amplitude w,, the gust downswash
w(x,y) becomes wypexp{i(wft—k,x—k,y}}. For a gust
convected by the freestream, the nond;mensionalized gust
wavenumber in the x direction k, is then equal to wb/U, the
reduced frequency; and the spanwise wavenumber k, is
(wb/U) tanA. Boundary condition (2b) is thus a statement of
flow tangency. From the linear relation between potential and
pressure, i.e., P=—p,(D®/Dt), boundary condition (2c)
requires that there be no pressure discontinuities at the trailin,
edge and in the wake. :

Since the plate is infinite in the y direction, the potential &
will have the y dependence of the input gust, a traveling
sinusoid; a harmonic behavior

®(x,,2,1) = (x,z)expli(wt—k,y))

is assumed according to Eq. (2b).
We also make the change of dependent variable

é(x,2) =, (x,z)exp{ik M?x/ (1 - M?))

and compress the z coordinate by the changevV1 — M2z =2Z.
The object of these last two transformations is to reduce the
relatively  complicated convected wave equation to the
familiar Helmholtz equation.

The boundary-value problem for ¢, becomes

3¢, b, ,

) + 37 +pld,=0 3)
B.C.s:
¢.(x,0)=0 for x<0 (4a)
o, —bwgexp{ —ik,x/(1-M?)}
—_— = < 2
az (x;o) JI—MZ for 0<x<

and continuous for all x (4b)

i 3
(Iik;p +2-)6.(x0) =0 forx=2  (40)
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where

e KM K (Kt sin’A[ M? _]
(I-M*)2  1-M? (I-M?)? sin?A

and is one of the two wavenumber-related similarity
parameters in the problem. The other is k,/(1 —M?). The
coefficient u? is negative for M/sinA<1. This case
corresponds physically to a subsonic speed of propagation of
the disturbance due to the passage of the infinite-span wing
through the stationary gust. Since a subsonically traveling
disturbance radiates no sound, we expect no sound radiation
for those Mach number and interaction angles for which u? is
negative,

Leading-Edge Problem
The boundary-value problem for ¢{?, the velocity-
potential field due to the interaction of the gust with a semi-
infinite chord airfoil extending downstream from the leading
edge, is ‘

gl el

T *aze TR =0 )
B.C.s:
oD (x,0)=0 for x< 0 (6a)
dpi bw .
-—az—(x,0)=—\/ﬁ/[—z-exp[—thx/(l—Mz)}

forx>0
and continuous for all x (6b)

The problem may be readily solved by the Wiener-Hopf
technique. We define the transform pair

8 D) =|_ T (n2) 7a)
o
o0 =|" ZEen ez (76)
where

Y(NZ) =Y NZ)+¥5(N\2)

that is,
0 d
Yo = oo 52) (¢a)
@ d
Yo02) = Theolh (£,2) (8b)

The contour C and the regions of analyticity ©, @ in the
complex A plane are yet to be determined by the physics of the
problem. Transforming Eq. (5) and solving the resulting
equation, we obtain that for this lifting problem

Y(NZ+)= £V (NO+)exp{ FVN —p?Z]) ®

where the branch of VA? —u? is chosen so that its argument
vanishes as I\! goes to infinity along C. We initially take p?
as a positive constant corresponding to M/sinA>1. The
results obtained may be analytically continued later to include
the negative u? case.

Since an e time dependence was assumed, outward
propagation requires that &, and thus also k, and y, have a
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small negative imaginary part. The regions of @ and ©
analyticity in the complex A-plane for Egs. (8a,b) are then
given by Im(A\) >lm(p), Im(A) <lm(—u), respectively, as
shown in Fig. 2. The contour C runs below the real axis for
Re(A\) <Re(—p) and above the real axis and the point
A=k, /1 - M for Re(\) >Re(n).

From Egs. (6a,b) and (8a,b) the following Wiener-Hopf
~ equation is obtained (& = @)

—ibw, 1 1

k N/
N ml —_ A2 — X X
2VI-M <)\ I—Mz) 1—M?

+up

1 0¥
"0
VA+u 98Z (\.0)

ibw,
kX > X
T /)NToa

— VA= o (\0+) (10)

) «/577«/7——M2<>\—

the left side of Eq. (10) being a © function and the right a @.
They are, therefore, analytic continuations of each other and
so they are both at least entire. If ¥, 3¥/3Z are assumed to be
well behaved at A=o0, Liouville’s theorem states that both
sides of Eq. (10) are independently equal to zero. The right
side then says that

ibw, 1 1
7 =
MO+ = o T .
I—aZ T
! ! 11
x\/)\_# ()\ . ) (11)
1-M?
and so, from Egs. (9) and (7a)
ibw 1 Z
N (x.Z) = 0
P =TT TR iZI
-z TH
dhexp{ —VA? —p? 1Z| —i\x}

(12)

c kx
')‘_“()‘_ 1—M2)

Arguments similar to those made for the time- and y-
dependence of the velocity potential are also applicable to the
pressure. Together with the same changes of dependent and

Fig.2 Regions of analyticity ©, @ and complex contour C.
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independent variables used before for the potential, they give
P(x,y,z,t) =p(x,z)explivt —ik,y) (13a)
P(x%,Z) =p,(x,Z)exp{ik, M?x/(1-M?)} (13b)

From the relationship between pressure and velocity
potential, the pressure p{ (x,Z) corresponding to ¢{" (x,2)
is obtained

—powoU 1 Z
D (x.Z) = £
D= T TE iZI

I1-M?

XS dhexp{ —VAZ =42 |Z] —i\x)
(o4

A= (14)

For x>0, Z=0+, the contour C may be deformed to C, in
Fig. 3 so that

FpoweU

Pt (r>00%)= TR (1 2 +u)

exp{ —n/4—ipx}
X-——\-/-—;C——— (15)

in agreement with the aerodynamic result in Ref. 9.

Trailing-Edge Problem

The solution to the trailing-edge problem is a pressure p(?,
such that p{D +p{? is zero at the trailing edge and in the
wake.

From the linear relation between potential and pressure, we
see that the pressure pf? (x,Z) also satisfies Helmholtz’s
equation, We require that dp{? /dZ vanish on the airfoil and
that it be continuous for all x. With x=x"’ +2, the trailing-
edge correction boundary-value problem for p{? inthex’ —Z
coordinate system is

82 (2) 62 (2)
D+ S a0 =0 16
B.C.s:
@
___1;*2 (x' +2,0) =0 forx’ <0

and continuous forallx’ (17a)

PP (X" +2,0+)=—p(x' +2,0+) forx’ >0 (17b)

This problem is also solved by the Wiener-Hopf technique.
We define the transform pair

@ (x” Z)_S dre ™ B(\2Z) (182)
Pe = )e N2 ’

Fig.3 Deformed contour C,, for x>0.



640 R.MARTINEZ AND S. E. WIDNALL AIAA JOURNAL

15()\,Z)=Sm m—\,ﬁpi”(f,l) (18b)
where i
P(\NZ)=P5(\Z)+Pg (M\2)
that is,
- [ | 243
Pe(hl>=f_m j%r 9 (£,2) (192)
Py(\2)= S deet p{9 (§,2) ’ (19b)
® Nz ’ ;

Transforming Eq. (16), solving the fesulting equation and invoking the continuity of dp{? /4Z for all x’, we obtain
- | P(NZx)=+P(\0+)exp{ FVAZ—p2Z) 20)
where
B\NO+)=Bo(\0+) +Pg(\0+)
the arbitrary function of A to be determined by the Wiener-Hopf technique.

From boundary condition (17a), we see that apo (\,0)/8Z=0. From boundary condition (17b), and recalling the result in Eq.
(15), Pq()\ 0+) may be computed to be

. Ke-—Zi)\ eur/4 ,
P@(x,0¢)=¢ﬁ{ﬁ —E[2(A— ,L)]] | @1)

where
e d .
E(a)ES NLwi
0

a Fresnel integral. E[2(A—pu)] thus has a branch point at A=p.
The Wiener-Hopf equation for this problem is (© = @)

+”e—20\ ei1/4 e—ir/4 @ dE +Me—-2i£ _ 1 a—[_;—@
VA “P@O‘OH’LK[\/ —p [W‘E[z()‘_“”}_ 2 Su taVE—, ]“_«/x_——u az MO+ —Kfe®)

(22)

where Kf 5, denotes that additive part of VA+ uﬁ@ (\,0+) which is analytic in the upper half A-plane. Making the usual assump-
tions regarding the good behavior of Pe (M\0+)and aP (7\,0)/0Z, we have that (Liouville’s theorem) both sides of Eq. (22) are
independently equal to zero. This gives Pe A\,0+). Addlng Eq. (21) to it, we obtain P(\,0+) which upon substitution into Eq.
(20) and by means of Eq. (18a) yields

D (xZ)y= ;/;ozwo NI Mz(/‘]] M2+“) IZIS

where the contour Cis indented above the real axis at A=§.

- df [FFae-=
w E=AV E—

exp[ AN —u?1ZI—iNMx—2)]) 5. (23)

Total Solution

Adding Egs. (14) and (23) and applying Eq. (13b), we obtain the two-term approximation to the two-dimensional pressure field
for the passage of an infinite-span wing through an oblique gust. Thus,

px2)=pP (x%,2) +p D (x,2) (24

The pressure distribution on the airfoil, that has its chord extending from x=0to x=2, is obtained from Eq. (24) which now
says that

p0<x<2, 0+)=pD (x>0, 0+)+pP (x<2, 0+) 25)

The quantity p (¥ (x>0, 0+) has already been determined and is given by Eqgs. (15) and (13b). To obtain p @ (x<2, 0+), we
start with Eq. (23) and observe that for Z =0+,x<2,the integral

B A\ [(> d& [EFpe-% RT3
I(u,x,Z+)—SC v [Sus_x,li_u ]exp[ N—p?Z—iNx—2)) (26)
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may be deformed to

e - dp [TFue~
z(u,x,o+)_gczmexpl—,x(x-znguE_v/ﬁ_“ @7

where C, denotes the contour shown in Fig. 4.
Interchanging orders of integration we have

I(u,x,o+)=—§ d

Tue—2 A\ e-Mx-2)

E-p VA+p (A-§)

The term 1/(A—£) attains its highest value of —1/2y when £ =p and A= — pu, and goes to zero as £ —o or as A— — o along C,, or
both. We can expect then that the largest contribution to 7(u,x,0+) comes from values of £ near the lower limit. The following
approximation is thus made

» dt—e ‘2‘5§ AN exp[—i(A—p) (x—2)]
u \/E'—[l. Cy \/X'*'# (A—p)

=V2r32expl—in/4—ipx]{1— (I + ) E*[2u(2~x)1} v (29

1(px,0+) = ~Zpexp[— in(x=2)] |

where E* is the complex conjugate of E as defined in Eq. (21). Substituting for 7(u,x,0+)in p{? (x<2,0+), we have

P& (x<2,0+)z""w"uf/x2£1§](i’;‘/;)_i"x] (1 ,/I_JE}‘W +0) (1= (I+i) E*[20(2—=x)]) (30)

from which Eq. (25) becomes

p(0<x<2,0:!:)E=F\/—7rp\7;vf_(1<42 (17 ;EMZ +u)expfi [1’”:;2 ~ux- 7r/4}[\/_ \/_[ —a+hEe-01)} 6y

so that the Kutta condition is satisfied at x=2 as required. The result in Eq. (31) agrees with that given in Ref. 9 for the pressure
distribution on the infinite-span wing passing through an oblique short-wavelength gust. It serves as a check for the expression in
Eq. (24), that we found for the pressure p(x,Z) at a general field point.

: Acoustic Far-Field Solutions
In this section, we start with the two-dimensional pressure field P(x,y,Z,t) due to the passage of an infinite-span wing through
an oblique gust as given by Eqs. (24) and (13a). First, the two-dimensional far-field in the aerodynamic reference frame is deter-
mined by allowing the field point (x,Z) to go to infinity. The directivity of sound thus obtained is theoretically that which would
be measured in a wind tunnel experiment. Second, we perform a spanwise Fourier superposition (over k, wavenumbers) of two-
dimensional pressure fields to approximate the three-dimensional pressure field for a wing of finite span passing through a short-
wavelength gust at interaction angle A*,

Two-Dimensional Acoustic Field in the Aerodynamic Reference Frame for an Infinite-Span Wing
From Egs. (24) and (13a), we have

P(x,y,Z,t) = — p"w”U z (/,[~—+> [ t—k +k"M2x] S d)\{ !
Cnzh == 1Z1 a2z TR)FPLHOTRY T T 0 | e MIN=2

ie? ® dE Fpe-%
* A +u [Su E-AViE—p ]}exp{—v)\Z_uz 1Z] —iNx) (32)

We notice that, in order to obtain a non-vanishing far-field, the largest contribution to P(x,y,Z,t) asvx?+Z?—-o must come
from values of A such that A? —u? <0 or A<y. It follows that in the far-field the largest contribution to the inside integral in Eq.
(32) comes from its lower limit. Integrating by parts, we thus obtain that as vVx2? + Z? —~ oo

o d —2it —2iN\
Su gfmiﬁe sw—jf—ix (I- (I+DE"2(u—N)]} (33)

Substituting this into Eq. (32) the asymptotic behavior of the \ integral as Vx? + Z? — o may be determined by steepest descents
(Noble, 13 pp. 33-36) to be

woUexp(ivt — ik, 1 k.M?2cosf _
P(x,y,z,t)-u[ Po¥o7eXP o 2)%exp i[ "1 Acps —ux/I—M251n20]\/xT+z2
VxZizi—o " NIZME z -

(34

{(1—cosO‘/2)e""”"/\/5—E*[2y(1—cosO*)] }
(I—jMzsinZ()) “
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[A a) ﬂkl-z M=0.8 b)
o L“oio A 10°, 12=19.4 080
2 wb _
060 —0.60 u “2:M=09
’ A=10°,
/—\—;——\/\/\\\J |-o4o 040 289,
K a2 ~029
Y6 i
0.00 000

Fig. 5a, b Magnitude of the two-dimensional acoustic directivity,
. iD(6)], in the aerodynamic reference frame for the passage of an
Fig.4 Deformed contour C,, for x<2. infinite-span wing through an oblique gust.

where the substitution Z=+/1 — M? z has been made so that # =tan —/ (z/x) and * =tan ~/ (V1 —M?tanf). The expression in Eq.
(34) shows that for negative p? (p= —iv — p?) there is no acoustic field. We had anticipated that this should be the case since the
disturbance due to the passage of the infinite-span wing through the gust then travels subsonically through the fluid. The quantity
in brackets is the two-dimensional acoustic directivity D(f) in the aerodynamic reference frame. Plots of ID(8) | for different
values of the Mach number M appear in Figs. 5a and b. For values of 0.3 m for the semi-chord b and 335 m/s for the speed of
sound c,, the cases in Figs. 5a and b correspond to frequencies of sound of about 280 Hz and 315 Hz, respectively.

Three-Dimensional Acoustic Far-Field for a Rectangular Wing of Span 2¢

We start with the expression for the two-dimensional pressure field P(x,y,z,¢), given in Eq. (32), for the interaction of a gust
with an infinite-span wing. We multiply the right side of Eq. (32) by the function

\/?sin(k! —k;) /b
T k,—k;

and integrate it with respect to k, from — oo to + 0. Since the & -Fourier transform of

ﬁsin (k, =k Ub
T kK

is exp(—ikyy) for Iyl <t/b and zero everywhere else, it follows that if we apply the convolution theorem to our new
P(x,y,Z= O ,t), we obtain a'sinusoidal loading pattern of spanwise wavenumber k; which ends abruptly at spanwise points y= =+
¢/b. The velocity potential ®(x,y,Z,t) corresponds to this P(x,y,Z,t) is an approx1mat10n to the solution of Eq. (1) satisfying
boundary conditions Eq. (2b), Eq. (2c) specified for Iyl <é/b. In boundary condition Eq. (2b), the gust downwash w(x,y) now
becomes w,exp| +i(wt—kxx-k;y) }. The pressure distribution inside the spanwise points y= x£/b is given by the two-
dimensional infinite-span wing aerodynamic results. This loading approximates well the pressure distribution on a three-
dimensional finite-span wing passing through a short-wavelength gust at an interaction angle A*. The pressure field obtained

through the superposition, designated P, ;(x,y,Z,t), for points off the wing is then y
1 k,—k)e/b .
Py (x,3,Z,t) = - S dk ﬂ‘—(;L;i— -k Py o (5,3, 2,15k, 35)
T J- -

where P,y (x,5,Z,t;k,) refers to that part of P(x,y,Z,?) in Eq. (32) not including the factor e ~*y. Its indicated explicit depen-
dence on k, comes from interpreting u as

plwk,) = {[co(lw—sz) ]2— Iffwz}%

We now make the change of variable

. wbM ‘
A=bA+ ;(,(—I——M——Z) (36a)
dh=bdh (36b)
so that
ib (w=AUY?2 _ k2yu
e s ()

Introducing Eqgs. (36a, b) and (37) into Eq. (35), we obtain that the three-dimensional pressure field is

PoWo Ub

3 - - sin(k, —k}) /b
Pyp(x,y.2,1) = 22 JT-M? I Iexp(zwt)g SCa dAdk F(w,Nk,)

k,—k;

f(w=A)? o k2 - .
xexp[— J—c%— —)\—B‘;-blzl —x)\bx—zkyy] (38)
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where C, denotes the contour in the complex X-Qlane obtained by shifting C according to Eqs. (36a, b). Introducing the far-field
approximation given in Eq. (33), the factor F(w,A,k,) becomes

1 : 1
J wb +{|: wb ]2_ k? }% \/bx+ wbM _{[ wh ]2__ k? }%
vi-m?y " We,aa—m2y] " 1-m? c,i-m?) UWe,(=ay ] ~ 1Mz

iﬁm{[ wh ]z K2 }%

F(w,Nk,) =

b coU=My1 ~1-M? w?b? k2w wbM .
{1—(1+i)E*[2({ -2 } - —bx)]} (39)
@07 K c3(I-M?)2  I-M? co(I-M?)
¢} b?

Next, we introduce a time-frequency Fourier transform into Eq. (38) that

poWo Ub Z ®
Protnan == 78 o g |

sin(k, —k})/b e = 2 - 40
oA, T Ay IS N CIG . . .,
k,—k; CXP[ pe; A? I—)fblzl —iRbx, —ik,y +iw t] , 40

Sc,, d\dk, S_w do’8{w’ — (w—AU) ]F(w’,\k,)

— @

0

where bx, = bx— Ut, the a subscript denoting the acoustic reference frame.
Introducing one of the limiting forms of the delta function, e.g.,

5(£) =lim :

e~0 €2+£Z ™

into Eq. (40) and interchanging the limiting process with the integrals, which themselves may be interchanged, we obtain

___PeWoUb  z . e e o sin(k,—k;)¥/b
Py (xa,y,z,‘t)—— PYSN V] mlll’lg S_m dw’'e fS_m SC,, drdk, K, —k:

I o —(e=RU)] - [ JF—T sh ]
- = F(w',\, - —~N2— =L bzl —iNbx, — ik 41
7 (4o —(0=R)17] (w’', Nk, )exp| —i o2 A b zl —iNbx, —ik,y 41

The asymptotic behavior of P; , as Vx2 +y? +z2 — o may be determined by the method of stationary phase (Ref. 14, p. 382).
Applying the latter to the A and k), integrals, letting e—0, and evaluating the ’ integral, we obtain .

—ipowoUN2M iw bvxZ+y? 472 D(8,.¥)

Prp(ep.20) ~ — 2o exp — |- }- ___ @)
wxl+y?+z 1+ Mcos, siny o (I + Mcos,siny)

VxZ+y?+z2—oo0

where the distance r, =vxZ + y? +z2 and the angles 6, shown in Fig. 6 define the position of the listener in the acoustic reference
frame by means of spherical coordinates. 8, denotes tan ~/ (z/x,). D(8,,¥) is the three-dimensional acoustic directivity function
not including the factor (1 + Mcosf,siny) 2 which gives the usual forward enhancement of the acoustic signal from a moving
source. Incidentally, 1+ Mcos,siny also gives the Doppler shift which appears in the exponent in Eq. (42). The directivity
D(8,,y) was found to be

sin[o.J_b E {__AI_C_OS_’JI—_ t HA‘}]
D) U b LT+ Mcost,sing 1

V)= w_b( Mcosy -—tanA‘) \/;FM{I (T=M7?)cos?y }Vz

U \ I+ Mcosf,siny (1 + Mcosf siny) ?
—isinf,sing/vV2 I—M?)cos? %
+i(1+Mcos€asin\b){l— (I =M?)cos™y }
J T { R (I—M7)cos?y }V: M cosf siny (1+ Mcosb,siny) 2
(1-M?) (1+ Mcosf,siny) 2 1-M? 1+ Mcos,siny
— 2 2 Y 2 i
(oo smap [20M (L) (=M Sy M ot _3]) @3)
U 1-M? (1+ Mcost,siny) ? 1—M? I+ Mcost,siny

where the substitution for k} = (wb/U)tanA* has been made.
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Fig. 6 Spherical coordinate system defining the position of listener in
acoustical reference frame.
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Fig. 7 Magnitude of total acoustic directivity 1D (0,,¢) i(1+M cosf,
siny) 2 in acoustic reference frame for the y =90 deg (a,c,e) and
68, =90 deg (b,d,f) planes.

Figures 7a and b are plots of

ID(6,,¥) |
(1+ Mcosf,siny) ?

in the two perpendicular planes given by Y ==/2, 6, variable,
and 8, =x/2, y variable, respectively. The 6, =0 line in Fig.
7a is in the wake. Figures 7c and d and 7¢ and f are similar
plots for different Mach number and reduced frequency
combinations.

Discussion of Results

Aerodynamics

Equation (31) gives an approximation to the pressure
distribution on an infinite-span wing passing through an
oblique gust of short wavelength. This result agrees with that

AIAA JOURNAL

given in Ref. 9 for the case of zero sweep and collapses to that
presented in Ref. 12 for the case of a gust parallel to the wing.
We see now precisely how the shortness of the gust’s
wavelength allows us to consider the edge effects separately:
for large lul, the components of Eq. (31) given in Egs. (15)
and (30) becomes concentrated at the leading edge and at the
trailing edge, respectively. The edge separation technique is
therefore justified for large values of lul.

In Ref. 12, Amiet estimates that the cut-off limit for real u
is about w/4 for the edge separation technique to give good
aerodynamic results. In Ref. 9, Adamczyk gives the somewhat
lower value of 0.7. Their conclusions are based on com-
parisons with numerical results due to Graham,!S for the
exact problem. For negative u? the criterion for smallest
allowed value of lul for which the present two-term theory is
good may be somewhat relaxed. Apparently, this is due to the
much faster convergence of the trailing-edge solution in this
case. Since it was not clear from the literature, however, what
the lower bound for lul should be for u? negative, we con-
sidered only practical cases for which lu?|> (#n/4)2.

Acoustics

Since the aerodynamic results presented here had already
been established elsewhere, the contribution of this paper is
really just the acoustic results for the wing-gust interaction.
These are given in closed form in Eq. (34) and Eqgs. (42) and
(43) for the infinite-span (two-dimensional) and the finite-
span (three-dimensional) cases, respectively. The results were
obtained by approximating the expressions for the pressure in
the far-field for the two- and three-dimensional problems by
steepest descen:s and stationary phase, respectively.

Figures 5a and b for the cases of supersonically traveling
disturbances (M/sinA>1) show that the number of lobes in
the two-dimensional directivity D (@) is very sensitive to small
Mach number variations. These results predict the directivity
of sound in a wind tunnel experiment.

Equation (43) is an approximation to the three-dimensional
acoustic directivity D(8,,¢) for the passage of a rectangular
flat-plate wing of span 2f through a stationary oblique gust.
This result is given in the acoustic reference frame. The in-
teraction angle A* and the gust’s wavelength are such that
w2l = lp2 (AN > (1r/4)2 is satisfied. This way, the k,-
Fourier components in Eq. (35) individually satisfy the
condition of 1u?|> (7/4)?, for the most part.

In Figure 7, the a, c, e plots show the familiar forward
enhancement of the acoustic signal from a moving source.
The number of lobes is again seen to be a very sensitive
function of the Mach number. Figures 7b and d show that
when p (A*)> n/4 the radiation becomes highly directional. A
real value of u(A*) corresponds to a supersonic spanwise-
propagation speed of the disturbance due to the wing-gust
interaction through the still fluid. In this case, a listener at a
general point in the far-field hears sound coming from every
point on the planform except the trailing edge. For
p? (A*)< — (w/4)?, Fig. 7f shows that radiation has no single
preferred direction in the 6,==/2 plane. This case
corresponds physically to. a subsonic spanwise propagation
speed of the disturbance due to the passage of a finite-span
wing through a stationary gust. In this case, a listener hears
sound coming from only the tip edges of the wing.
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